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SUMMARY

A numerical procedure for the analysis of non-Newtonian �uid �ow in a longitudinally vibrating tube is
developed. The formulation of the problem is presented in di�erential equation form and �nite element
model is developed leading to the �rst-order matrix di�erential equation. A special modi�cation of
the harmonic balance procedure is proposed for this non-linear problem. Numerical validation of the
harmonic balance procedure was performed by comparison of the average mass �ow rate with the
results of direct time integration. Copyright ? 2005 John Wiley & Sons, Ltd.
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INTRODUCTION

The problem of �uid �ow control exploiting the vibrations of the boundary is important
in the process of design of various engineering devices and optimization of processes of
conveyance [1–4]. Such applications cover the transport of various suspensions, industrial
wastes and many types of crude oils, especially at low temperatures. Analysis of such non-
linear dynamical systems requires the development of adequate mathematical models and
appropriate strategies for numerical modelling [5–8].
Tube vibrations induced by internal or external �ow is an important engineering problem [9].

Nevertheless, analysis of an inverse problem—�uid �ow control by forced vibrations of the
tube itself is also of great interest. Such a vibration-based �ow control methodology could
enrich existing �ow control techniques and provide background data for the development of
new types of liquid material dosing equipment. It is assumed that the boundary (the tube) is
a non-deformable rigid body.
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The �nite element formulation is used together with the approximate procedure for the
analysis of non-linear steady-state vibrations which consists from two basic steps. First a
�nite element model is developed leading to the �rst-order matrix di�erential equation. Then
an approximate steady-state solution is sought using the proposed harmonic balance procedure
which consists from the following main steps:

(1) problem formulation in di�erential equation form;
(2) development of the �nite element problem formulation;
(3) modal decomposition of the solution;
(4) development and application of the harmonic balance method.

The harmonic balance method in general is one of the most straightforward and practical
methods for estimating periodic steady-state solutions and can be applied to non-linear equa-
tions with a periodic forcing term, thus providing better understanding of the reasons for the
non-linear e�ects taking place in the system [10].
A semi-analytical method for calculating a non-Newtonian �uid �ow in a vibrating pipe is

presented. The method uses an e�cient harmonic balance approach to evaluate steady-state
�uid �ow eliminating the time integration.

FINITE ELEMENT MODEL

A Cartesian coordinate system is de�ned where the z-axis is parallel to the axis of the tube
(Figure 1). It is assumed that the cross-section of the tube does not vary with the z coordinate
and the velocity of �uid �ow does not depend on z, i.e. w=w(x; y; t), where w denotes the
velocity and t the time. The other components of velocity are assumed to be equal to zero.
Thus the condition of incompressibility is satis�ed identically. The stresses take the form

�x = �y = �z = −p; �xy = 0; �yz = �
@w
@y
; �zx = �

@w
@x

(1)

where p denotes the pressure and � the viscosity of the �uid.

Figure 1. The principal model of the system.
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The dynamic equilibrium equation in the direction of the z-axis can be written as

@
@x

(
�
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)
+
@
@y

(
�
@w
@y

)
− @p
@z
+ �g = �

@w
@t

(2)

where � is the density of the �uid, g is the acceleration of gravity, and @p=@z the gradient
of the pressure in the direction of the z-axis, is assumed constant along the tube. It is also
assumed that the �uid is non-Newtonian and that the viscosity is expressed as

� = �1 + �2

√(
@w
@x

)2
+
(
@w
@y

)2
(3)

where �1 and �2 are constants. The non-Newtonian model given by Equation (3) presents
an approximation for the pseudoplastic model often used for the description of the non-linear
features of suspensions [11].
The wall boundary condition

−�@w
@n
= � (w − w∗) (4)

takes into account the longitudinal vibration of the tube, where n is the outward normal
direction to the boundary of the cross-section of the �ow inside the tube, � is the coe�cient
of slippage (sliding friction between the �uid and the surface of the tube) and w∗ is the
velocity of the wall in the direction of the z-axis. It is assumed that the boundary performs
harmonic oscillations in the direction of the z-axis, so that

w∗ = a sin !t (5)

where a and ! denote the amplitude and the frequency of oscillations. The amplitude of
kinematic excitation of the boundary is a=!.
It can be noted that, for the pipe of circular cross-section, the problem is axi-symmetric

but, bearing in mind that the results are applicable also for other tube shapes (to the tubes
of other cross-sections), the 2D problem is solved. The cross-section of the �ow is meshed
using the �nite element approximation. The resulting matrix di�erential equation:

[C]{�̇}+ [K]{�} = {F} (6)

is obtained on the basis of the Galerkin method of weighted residuals [11, 12]. FEM matrices
take the form:

[C]=
∫∫

[N ]T �[N ] dx dy

[K]=
∫∫

[B]T�1[B] dx dy +
∮
[M ]T�[M ] ds

{F}=
∫ ∫

[N ]T
(
�g− @p

@z

)
dx dy −

∫∫
[B]T �2

√(
@w
@x

)2
+
(
@w
@y

)2
[B]{�} dx dy

+
∮
[M ]T �w∗ ds

(7)
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where {�} is the vector of nodal velocities. The upper dot in Equation (6) denotes di�eren-
tiation with respect to time; s is the boundary line of the cross-section of the �ow;

[N ]= [N1 N2 · · · Nn]

[B]=

⎡
⎢⎢⎢⎢⎣
@N1
@x

@N2
@x

· · · @Nn
@x

@N1
@y

@N2
@y

· · · @Nn
@y

⎤
⎥⎥⎥⎥⎦

[M ]= [M1 M2 · · · Mm]

(8)

where N1; N2 : : : are the shape functions of the �nite element in the cross-section of the �ow,
M1; M2 : : : are the shape functions of the �nite element on the boundary of the cross-section
of the �ow.
The �nite element equations could be integrated in time and transient �ow processes can

be analysed. Instead approximate methods of non-linear vibration theory are applied to this
problem.

HARMONIC BALANCE PROCEDURE

First the eigenpairs of the homogeneous system [C]{�̇}+[K]{�}=0 are determined and modal
decomposition of Equation (6) is performed [12]:

[�]T[C][�]{Ż}+ [�]T[K][�]{Z} = [�]T{F} (9)

where [�]= [{�1} {�2} : : :] ; {�i} is the ith exponential decay eigenmode with corresponding
eigenvalue �i. Then the vector of velocities is expressed as

{�} = [�]{Z} = [�]

⎧⎪⎪⎨
⎪⎪⎩
z1

z2

· · ·

⎫⎪⎪⎬
⎪⎪⎭ (10)

where zi denote modal coe�cients for mode i.
The determination of the averaged surface of velocities is performed by solving the follow-

ing four successive problems.

A. Steady-state harmonic solution. The sinusoidal variation of the wall velocity is assumed
while the condition −(@p=@z)+�g=0 is being satis�ed, and the steady-state harmonic motion
of the linear system is obtained by solving the modal equations:

d
dt
(zi) + �izi = fi (11)
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where fi is the modal loading for mode i. It is assumed that {F}= {Fs} sin !t. Then,

{Fs}=
∮
[M ]T �a ds and

⎧⎪⎨
⎪⎩
fs1
fs2
· · ·

⎫⎪⎬
⎪⎭ = [�]T{Fs}. Thus fi = fsi sin !t, producing
zi = z si sin !t + z

c
i cos !t (12)

The vectors of the sine and cosine components of the steady-state motion {�s} and {�c} are
then expressed like:

{�s} = [�]

⎧⎪⎪⎨
⎪⎪⎩
z s1

z s2

· · ·

⎫⎪⎪⎬
⎪⎪⎭ ; {�c} = [�]

⎧⎪⎪⎨
⎪⎪⎩
zc1

zc2

· · ·

⎫⎪⎪⎬
⎪⎪⎭ (13)

The following system of linear algebraic equations is solved for each eigenmode:[
�i −!
! �i

]{
z si

zci

}
=

{
fsi

0

}
(14)

B. Static solution. The static (constant in time) solution is obtained assuming that the term
−(@p=@z) + �g is constant in time and the wall velocity is equal to zero, that is:

{F0} =
∫∫

[N ]T
(
�g− @p

@z

)
dx dy (15)

This requires the solution of the system of linear algebraic equations:

[K]{�0} = {F0} (16)

This solution again is sought using modal decomposition. Denoting

⎧⎪⎨
⎪⎩
f01
f02
· · ·

⎫⎪⎬
⎪⎭ = [�]T{F0} and

{�0} = [�]

⎧⎪⎨
⎪⎩
z01
z02
· · ·

⎫⎪⎬
⎪⎭, for each eigenmode we have:

z0i =
f0i
�i

(17)

Up to this point the Newtonian model of the �uid is used as an approximation. The total
velocities are:

{�(t)} = {�0}+ {�s} sin !t + {�c} cos !t (18)

C. Averaged transverse velocities. The load vector is obtained in the process of assembly of
the following loads:

(a) the load occurring from the constant term −(@p=@z) + �g;
(b) the non-linear term due to the static solution and the harmonic motion.
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Those calculations are performed for a number of discrete moments equally spaced during
the period. Time average of load vector takes the form:

{F1}=
∫∫

[N ]T
(
�g− @p

@z

)
dx dy −

∫∫
[B]T �2

√(
@w
@x

)2
+
(
@w
@y

)2
[B]{�} dx dy

=
∫∫

[N ]T
(
�g− @p

@z

)
dx dy − 1

m

m∑
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⎛
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√√√√(@w
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⎞
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where the upper dash denotes time average; !t=(2�=m)(i − 1);⎧⎪⎪⎪⎨
⎪⎪⎪⎩
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(20)

m is the number of discrete time moments in a period.
Finally, the non-linear problem is solved obtaining the averaged surface of velocities using

previously described technique of modal decomposition for the solution of the system of linear
algebraic equations:

[K]{�1} = {F1} (21)

D. Mass �ow rate. Finally, the average mass �ow rate is found by integrating over the
cross-sectional area:

Q =
∫∫

�w(x; y) dx dy (22)

where w(x; y) are the averaged transverse velocities which are calculated from {�1} by using
the shape functions of the appropriate �nite elements. It is assumed that the averaging interval
is much longer than the period of oscillations.

NUMERICAL RESULTS

Cross-section of the tube is assumed to be a circle and one-fourth of it is analysed (Figure 2).
The characteristics of the non-Newtonian �uid represent a liquid-type suspension (�1 = 0:004
g=mm s=4 cP, �2 = − 0:0001 g=mm, �=0:04 g=mm2 s, �=0:001 g=mm3, −(@p=@z) + �g=
0:003 g=mm2 s2). Radius of the tube is R=10mm; number of moments in the period used for
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Figure 2. The �nite element mesh and the oblique projection of cross-�ow
velocities—non-excited (black) and excited (grey) at a=!=4mm;

!=2 rad=s; projection angle 45◦; projected depth 0.6 of width.

averaging is m=16. The procedure of harmonic balance is validated comparing the results
with direct time integration results.
Longitudinal tube vibration increases the �ow velocities in the cross-section at the same

pressure gradient. Such e�ect takes place due to the non-linearity of the �uid. Improvement of
Newtonian �uid �ow would be impossible by harmonic excitation of the boundary. Numerical
experiments show that the mass �ow rate grows with the excitation amplitude and frequency.
Such analysis enables the selection of optimal frequencies and feasible levels of amplitudes
of excitation.
Numerical validation of harmonic balance procedure was performed by comparison of the

average mass �ow rate with results of direct time integration (Figure 2).
Averaged surfaces of cross-sectional velocities with and without external excitation are

presented in Figure 3. It can be seen how external excitation of the tube increases the �ow
velocities in the cross-section (Figure 3).
The relationship between the mass �ow rate and the amplitudes of excitation at di�erent

frequencies of excitation is presented in Figure 4.
The accuracy and the cost of the standard time integration approaches depend mainly on

the quality of meshing, the selection of the time step and the choice of the criterion for
distinguishing steady-state �ows from transient �ows. The choice of the optimal values of the
mentioned factors is usually non-trivial and may require heavy computational e�orts. The main
advantage of the proposed harmonic balance procedure is that the steady-state regimes can be
determined directly if only the excitation is harmonic. This could be especially advantageous
in the design stage of di�erent �uid dosing elements when mass �ow rates must be optimized
in broad parameter domains.
It can be noted that the calculation of the instantaneous mass �ow rate must be performed

for each time step when performing time integration—it is used for the determination of the
average mass �ow rate over the last calculated period of steady-state motion. Assuming that

Copyright ? 2005 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2006; 22:347–356
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Figure 3. Numerical validation of the harmonic balance procedure.

Figure 4. Relationship between the mass �ow rate Q(g=s) and the amplitude of excitation a=! (mm) at
various frequencies of excitation !i=(i − 1) · 0; 2; i=1; : : : ; 21.

the cost of numerical integration over one time step is W; the calculation of the mass �ow
rate is performed for each time step at a cost w; m time steps in a period of excitation are
used; 10 periods are required to achieve steady-state motion, the cost of numerical integration
can be approximated as 10m(W + w).
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The costs of the stages of the harmonic balance procedure for the same problem can be
approximated:

A. Steady-state harmonic solution—cost is W (comparable with one time step for the same
meshing).

B. Static solution—cost is W=2 (about 50% of the cost of harmonic solution).
C. Determination of the averaged transverse velocities—cost is mW=2 (m is the number of
discrete time moments in a period of excitation);

D. Determination of the average mass �ow rate—cost is w.

Thus the total cost of the proposed harmonic balance procedure is ((3+m)=2) ·W + w. For
realistic meshings w can be approximated as 0:1W . So the cost of the proposed harmonic
balance procedure is about twenty times lower than that of numerical time integration. Nu-
merical experiments indicate that the proposed harmonic balance procedure produces results
which in some cases can di�er by about 10% from the ‘exact’ ones obtained from numerical
integration.
The problem for which the harmonic balance procedure was developed is typical for the

transportation of �uid and therefore should be regarded as a demonstrational problem for
developing the algorithm. The potential of the method lies in its possible applications to the
three dimensional non-linear problems of computational �uid dynamics.

CONCLUSIONS

Numerical model describing �ow of non-Newtonian �uid in a tube performing longitudinal
vibrations is developed. It must be noted that this model incorporates non-linearity and rep-
resents the dynamic behaviour of the liquid suspension. The inertia of the �uid is taken into
account and FEM damping matrix is obtained. The velocity of the longitudinal motion of
the walls is taken into account through the boundary condition and thus is directly incor-
porated into the �nite element formulation. Harmonic balance method for determination of
averaged transverse velocities of non-Newtonian �uid is proposed. The results of the analysis
show that the longitudinal tube vibrations can be e�ectively applied for �uid �ow control and
incorporated into the design of vibration spraying and dosing devices of various substances.
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