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generalized operator of differentiation is exploited for the derivation of analytic solutions

to the KdV equation. The structure of solitary solutions and explicit conditions of existence

of these solutions in the subspace of initial conditions are derived. It is shown that special
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1. Introduction

The Korteweg-de Vries equation takes the form

ow ow  w
%—6w5+570. (1)
The KdV Eq. (1) was discovered in 1895 by Korteweg and de Vries [10]. This equation is a paradigmatic partial differential
equation in nonlinear physics. It models one-dimensional shallow water waves with small but finite amplitudes. It has also
been used to describe a number of important physical phenomena such as solitons, magnetohydrodynamics waves in warm
plasma, acoustic waves in anharmonic crystals, ion-acoustic waves [33,36,1,17,3,24].
Eq. (1) is integrable and the Cauchy problem for this equation can be solved [7,14,9]. This equation has soliton, rational
and elliptic solutions [2,27].
A suitable modification of the inverse scattering transform helps to shown that under the KdV flow an initial profile sup-
ported on (—oo,0) instantaneously evolves into a meromorphic function with no poles on the real line [28].
Inverse scattering transform method is exploited for explicit computation of the shapes and the speeds of the asymptotic
solitons for the KdV equation for several types of linearizable boundary conditions in [6].
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Many different methods for the construction of exact solutions of nonlinear evolution equations have been established
and developed. The inverse scattering transform [1], the Hirota’s bilinear operators [9], the Jacobi elliptic function expansion
[16], the Darboux transformation [19], the Backlund transformation method [34] are successfully used to construct analyt-
ical solutions of nonlinear evolutions. A number of methods based on the extensive use of symbolic computations have been
developed during the last decades. Homogeneous balance method [32], the Exp-function method [8,4], the tanh method
[18,25] and its various extensions [5,15,31], the (G'/G) expansion method [38], the auxiliary (or subsidiary) ordinary differ-
ential equation method [35,30,37] are successfully used to solve high-dimensional nonlinear evolutions in mathematical
physics with the help of symbolic computation. The key idea of most of these methods is that the traveling wave solution
of a complicated nonlinear evolution equation can be guessed (supposed) as a polynomial (or a ratio of polynomials) of stan-
dard functions whose argument is a traveling wave term. The degree of the polynomial can be determined by considering
homogeneous balance between the highest derivatives and nonlinear terms in the nonlinear evolution equation considered.
Nevertheless, it can be noted that a straightforward application of these methods has attracted a considerable amount of
criticism [12,23,11,22,13,26].

1.1. The purpose of the paper

The main objective of this paper is to show that well-known solitary solutions to KdV equation do not hold for all initial
conditions. Formal operator techniques based on the generalized differential operator are used for the KdV equation to
derive solutions expressed in a ratio of finite sums of standard functions [21]. We use an analytical criterion based on the
concept of H-ranks and determine if a solution of the KdV equation can be expressed in an analytical form comprising
standard functions. The employment of this criterion does not only give an answer to the above-stated question but gives
the structure of the solution so that one does not have to guess what the form of the solution is. The load of symbolic
calculations is brought before the structure of the solution is identified. This is in contrary to the methods described in
[32,8,4,18,25,5,15,31,38,35,30,37] where the structure of the solution is first proposed, and then symbolic calculations are
exploited for the identification of parameters.

We perform well-known transformations [29] before commencing the analysis of Eq. (1). The change of variables based
on the existence of a propagating wave w(z, ) = w(z — rt) (where r is the constant wave speed) yields an ordinary differen-
tial equation:

—(r+ 6w)w), + wy, =0, (2)

XXX

where the prime mark stands for a derivative of @ with respect to the variable of the propagating wave x = z — rt. Integration
of Eq. (2) with respect to x yields:

—(r+3w)w + w, =3C; C = const. (3)

Eq. (3) which can be rewritten in the following form:

Wy = V(@ — )@~ 0); 01,0,7 €C, (4)

where @y, = —§{ =+ ,/% — C; 7% = 3. We will seek structural solutions of Eq. (4) using algebraic operator techniques.

Elliptic function solutions (doubly periodic solutions) play an important role in studying exact solutions of nonlinear
wave equations. Particularly, the Weierstrass elliptic function expansion method is used to seek doubly periodic solutions
of the KdV equation, the Generalized KdV equation and the modified KdV equation in [39-42].

Note that Eq. (4) is the simple reduction of the KdV equation in the traveling waves. Eq. (4) can be integrated once more,
and the resulting differential equation can be solved in terms of Weierstrass elliptic functions. Such a straightforward
integration produces the solitary solution but does not produce conditions of its existence in the space of initial conditions
[39-42]. The main goal of this paper is to demonstrate that algebraic operator techniques can simultaneously produce sol-
itary solutions and conditions of their existence. And even though the KdV equation is one of the most studied nonlinear
differential equations, we argue that conditions of existence of solitary solutions to the KdV equation cannot be produced
by the Weierstrass elliptic function expansion method; formal application of algebraic operator techniques is necessary
for that purpose.

1.2. Outline
The paper is organized as follows. Initial definitions and concepts used in the search of structural solutions are given in

Section 2; the special solutions of KdV type ordinary differential equation are derived in Section 3; results of computational
experiments are discussed in Section 4 and concluding remarks are given in Section 5.

2. Preliminaries

Several definitions and statements which will be exploited in the process of the search of special solutions of the KdV
equation are concisely presented in this section.
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2.1. Functions and their extensions

Functions of two types are used in this paper. Functions of the first type p; = p;(c,So,-..,S:-1) describe the mapping
Pyl x gy x - x I = R; where II,...,I;, , CR are variation intervals (or unions of intervals) of variables
C,So0,---,S:-1 € R. These functions are differentiable any number times in respect of every variable. It can be noted that
the identification of variation intervals (or unions of intervals) is a straightforward task whenever the expression of
p;(C, So, - - -,Sn—1) is given explicitly. For example, the function

(€50) = —— 5)
PL&S0) = T = 4sy) (
is defined and differentiable any number of times in respect of x and s, when ¢ € (—o0;0) | (0; +00) and sp € (—o0;1) (the
principal square root is considered in (5)). The analysis of functions of the first type is not the objective of this paper, but
we will consider only such functions p; = p;(c,So,...,S,-1) that intervals I, ls,..., I, , exist and are not empty sets. The
set of functions of the first type is denoted as ®s,s,...s, ;-
Functions of the second type are constructed from functions of the first type using the following algorithm.

(i) Construct the power series:
+00 Xj

folx,¢.50,...,Sn-1) = Zj_'pj(c750=---7sn—l)7 (6)
=0

such that its domain of convergence |x| < R < +oo is nonempty and the convergence radius R depends on the properties of
functions of the first type {p; = p;(¢,So,..-,Sa-1); j=10,1,2,...}.
(ii) Extend the function fo(x,c,So,...,S,-1) to a wider domain (if it is possible) using classical extension techniques. The
extended function f(x,c,So,...,S,_1) is denoted as the second type function.

For example, the series

XX . 1 ! & X !
=N (i — -
folx.¢,50) JZO:]'! J (c(l +V1-4s, —4so)> ;(ql V1 —450))
can be extended to a function

c(1+T—4so)
c(1+v1T—4s0) —x

for so € (—o0;0) and c(1 + /T —4sg) # x. From now on we will use the equality

ig ) 1 (1 VT )
2\ "\ vVi—as)) | (i vT—as%) —x
assuming that the transformation into the extended function does not cause any misunderstandings and will not specify do-

mains for x,c and s,.
Other forms of the second type functions can be used. Typical cases (structures of f;) are listed below:

f(X7 K,So) =

X (x—c)
fox,€,50, ., Sn1) = Y “—=—D;(C,S0, -, 1);

o I

+00 Cj

fo(c.s0,... . $n1) = Zj—,pj(c, S0, -+ Sn-1)-

=0

It can be noted that it is not necessary to introduce the function norm (neither for the first type functions nor for the sec-
ond type functions) in the process of the construction of analytic solutions of nonlinear ordinary differential equations.

The set of extended functions is denoted as ®xcs,...s, , (Pesy.s0 s S Prcisgrsas )-

We will use several standard functions for the construction of generalized solutions of differential equations:

50 =35 0 = e xR 0,00 = exp (o) )
(=
B0 =W W<y = x 1 () = ®)
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2.2. The H-rank of the sequence and the characteristic Hankel equation

Let (p;; j € Zo) is a sequence of numbers or functions. Then the corresponding sequence of Hankel matrixes (H,Ha,...)
reads:

bo P Do D1 D2
Hi:=[po]; Ha:= [po pl} Hy:=1|py p, P3|; .- 9)
v D2 D3 D4

and the sequence of determinants of these matrixes is denoted as (dy; k € N); where dy := detH,.

Definition 1. A sequence (p;; j € Zo ) has an H-rank equal to m if di, # 0 but dip,n = 0 for all n € N. The following notion will
be used throughout the manuscript:

Hr(p;;j e Zo) =m. (10)
Let Eq. (10) holds for a sequence (p;;j € Zo). Then it is possible to construct a characteristic H-equation [20]:

Po P1 - Pm
D1 P2 - DPmn
det —0. (11)
Pm-1 Pm - Pam

Definition 2. Roots p4, p,,..., p,, of the characteristic H-Eq. (11) are H-eigenvalues of the sequence (pj;j € Zo).

Theorem 1. Let the characteristic H-Eq. (11) has n different H-eigenvalues p,, p,., ..., p,; (n < m); the recurrence indexes of p,
are my; (my € N); my +my +--- +m, = m. Then,

Ziﬂrk<k> ik j=0,1,2,..., (12)

r=1 k=0

where w, are appropriate coefficients; <{<) = {"U m when j > k; here it is assumed that 0° := 1; 0 - (+o00) := 0.

0 when j < k;

The proof of Theorem 1 is given in [20]. It can be noted that coefficients ,, can be determined solving a system of linear

algebraic equations which consists from m different equalities of Eq. (12) (H-eigenvalues p;, p,, ..., p,, and their recurrence

indexes my, my, ..., m, must be determined beforehand). The simplest system is produced when the first m equalities of Eq.

(12) are selected (for j=0,1,...,m—1). But the same results can be produced for j=j,j,,...,j, Where
0 <j; <j, < -+ <jm < +oo. Moreover, this system of linear algebraic equations has a unique solution.

Definition 3. A sequence (pj; jeZo) whose elements p;; j=0,1,2,... can be expressed in the form (12) is called an
algebraic progression.

2.3. Structures of analytical solutions

Let two polynomials are defined as follows:

s) = Zak,c"s’; Py(c,s, t) Z brrckstt’ (13)

klezy klrezy

where ay and by, are fixed real (or complex) numbers; c,s and t are real (or complex) variables. Then it is possible to con-
struct two ordinary differential equations with initial conditions:

Ye=P1(x,y); (14)
where y = y(x,c,s); y(c,c,s) =s; and
Wiy = Py (X, 0, %); (15)

where o = w(x,c,s,t); w(c,c,s,t) =Ss; w,(x,c,S, t)|H =t.
Usual differentiation operations in respect of variables x, ¢, s and t are denoted by symbols Dy, D, D; and D;. Then it is pos-
sible to construct generalized differential operators D, and D,, in respect of variablesy and w [22]:
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Dy := D + P1(c,s)Ds; (16)
Dy, := D, + tD; + P, (c, s, t)D;. (17)

Definition 4. D, is the generalized differential operator of the differential equation (14) and D, is the generalized
differential operator of the differential equation (15).

Generalized differential operators D, and D,, can be exploited to construct analytical solutions y(x, c,s) and w(x,c,s, t) of
differential equations (14) and (15) [22]:

y— Z C)JU (18)
+00 SV
=3 05T 0ls (19)
FE

which converge in some nonempty surrounding |x — c| < ¢ in the complex plane. Furthermore, functions y = y(x, c,s) and
w = w(x,c,s,t) can be extended into the whole complex plane with the exception of possible singular points.

Definition 5. Terms D’ s and D’ ,S are denoted as coefficients of solutions of differential equations (14) and (15).

2.4. Structures of analytical algebraic solutions

It is important for many engineering applications to obtain analytical - algebraic representations of solutions of ordinary
differential equations in the following form:

y= Zu fl((x=0)p,), (20)

where m is a finite constant; m € N; p,.f; and p, are ordinary functions. We will use the H-rank and associated H-eigen-
values for the construction of special analytical - algebraic solutions.
Given the differential equation (14), let us denote:

Djs:=p; j=01.2,... (21)

Then the following theorem holds true.

Theorem 2. The following three following statements are equivalent:

( ) bj _] Zr IZk 0 ‘Llrk<k>p{fk; j: 0,1,2,...where Prs Mo € Fes; mymy =1,2,...; moreover M (m,—1) # 0.
(ii) r(,—, ije Zo) = > ,m, and the recurrence indexes of roots p, € F of the characteristic H-equation arem,; r=1,2,...,n
(iii) There exist functions [, € Fes; pr €Fes; T=1,2,...,m; k=0,1,2,....m.-—1; m,m, € N which satisfy following

conditions:
(@) Mo, 1y #0; 7=1,2,...,m; moreover Sl =S;

(b) Dyp, = pi:
() Dy'urk = Okm, * (2k )pr:urk + Oks1)m, k:ur k+1)
1, when k < I;

h =< kleZ,.
where Gu {0, when k> 1I; €20

The rigorous proof of the Theorem 2 is given in [21]. It can be noted that analogous theorems hold for the differential
equation (15) and differential equations of the same type.

Corollary 1. Let the statement (i) of the Theorem 2 holds. Then the solution (18) of the differential equation (14) can be expressed
in the following form:

m my m m k 400 /2 m my

S M CATAES 3 eSS @

k+17
=1 k=0 =1 k=0 k! =0 : = k=0 (I — c))

because (1 —z) *V =3/ <J * k)zf when |z| < 1.
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2.5. Expanding and narrowing an ordinary differential equation
Let two differential equations are given:

Yo=Piy) )
where y = y(x;c,s); y(c;c,s) =s with the generalized operator of differentiation:

Dy := D, + P1(c,s)Ds (24)
and

W = Pa(x, 0); (25)

where w = w(x;c,s,t); w(c;c,s,t) =5; W, (x;c,s,t) \xfc = t with the generalized operator of differentiation:
D, := D¢ + tDs + P5(c, s)D;. (26)

Theorem 3. If the equality

81)1 (C,S) aPl (C,S) _

T+P1(C>5) o5 = Py(c,s) (27)
holds, then

Dis=Dl,s prns) j=0,1,2,... (28)

and, moreover, the following equality holds true:

w(X;c,s,Pi(c,s)) =y(x;c,s). (29)
Rigorous proof of Theorem 2 is given in [23].

Definition 6. If Eq. (27) holds, then the differential equation (23) is the narrowed differential equation of (25), and the
differential equation (25) is the expanded differential equation of (23).

2.6. Changing the independent variable of a differential equation

Let the following differential equation is given:
Ye=P1(y), (30)

where y := y(x) = y(x;c,s); y(c;c,s) = s. The independent variable x can be changed using the substitution [22]:

Z := exp (0x); x:%lnz. (31)
Then,
1 . . N
y=yx) =y, Inz):=y@) = ylexp(ax)) ==y (32)
and, furthermore,
V= o2y €= exp (). (33)
Thus, the differential equation (30) is transformed to the following differential equation:
o1 .
V=P (34)
where y = y(z;¢,5); y(¢;¢,s) = s. The relationship between the solutions of differential equations (30) and (34) reads:
Y(x:€,5) = J(exp (o); exp (01€), 5). (35)

Definition 7. The differential equation (34) is the image differential equation of the differential equation (30).
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2.7. The substitution of dependent variable for linear differential equation

Let the differential equation (14) with corresponding initial conditions be given. Then the function & = &(x, c,3, f) is de-
scribed using following expressions

. .1
w:=aw + b; a):a(w—b); (36)
where a,b € C (a # 0) is the linear substitution from dependent variable w to dependent variable . R
Since expressions wj = a®j; aw;, =lw,; w}, = adl; oy =1w}, hold true, the differential equation wj = P,(x, @, @)
(P, (c,5,t) =1Py(c,as + b,at)) is obtained. Relationships be-

=t
C
tween initial conditions read s =a$+b; t =at or §=1(s—b); t =1t
Moreover,

with initial conditions &(c,c,$,t) =$ and @,(c,c,5,t)]

X=

~>

(x,c,5,t) :%(w(x,c,aﬁer,ai) -b),

or

o(x,c,5,t) = a(b<x, c,%(s— b)%t) +b.

Note that D, = D, + tDs + P> (c,$,t)D; and & = i (";fy 5"&)3.

3. Solution of the KdV type ordinary differential equation by the generalized operator method
3.1. The narrowed KdV equation

As noted in the Introduction, we will consider the following KdV type ordinary differential equation:

Wy = P20 — 01)(0 — ) (37)

with o = w(x,c,s,t) and w(c,c,s,t) =s; wi(x,c,s,t)|,_ =t; where 7, w;,w,€C; y # 0 are parameters of the differential
equation.
Linear substitution (36) transforms differential equation (37) to the following differential equation
adl,=y*(ad+b — w)(ad +b — ,).
That is equivalent to

Wl = P — 1) (D — @) (38)

XX
Eq. (38) is the KdV type differential equation where parameters read:

2 =9%a;, @ = wla_ b; Wy = wza— b. (39)

Eq. (37) helps to find solutions of KdV type differential equations when parameters of this equation are associated by rela-
tionship (39).
The narrowed differential equation of Eq. (37) reads [23]:

Ye=Pixy); y=yx.cs); yccs)=s; (40)

the expanded differential equation of Eq. (40) is Eq. (37) [23]. It follows from Eq. (37) that P,(c,s) = y*(s — wy)
(s — my) = Py(s). Thus it is possible to construct the simplest narrowed equation by assuming P;(c,s) = P;(s). The equality
(27) yields the relationship P;(s) - (P1(s)); = P»(s); the first integral of the latter produces:

P =27 [ (5= (s - wa)ds - ). (41
where Cy €Cis a fixed constant. Thus, the narrowed KdV equation takes the form:
/ 2 2 2
V)" =370 =10 =y2)y —¥3), (42)
where
3((,()1 + (,02)

(3—3’1)(5—3’2)(5—5’3):53—f52+3(1)16025—3co- (43)
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Thus, the narrowed differential equation (42) can be expanded to KdV Eq. (32) for every Cy; Co €C. Moreover, the general
solution of the differential (42) y = y(x,c,s) is also a solution of KdV Eq. (37).

Note that it is possible to obtain Eq. (42) from (37) via multiplying (37) by w), and integrating ones without any formulas
for P, and P,. Moreover, Eq. (42) can be reduced to equation which is solvable in terms of Weierstrass elliptic functions. But
the presented transformations are necessary to illustrate the functionality of the proposed technique which helps to derive
explicit conditions of the existence of solitary solutions in the space of initial conditions and system parameters.

3.2. Conditions when the solution of KdV equation can be expressed in a ratio of sums of exponential functions
We will find such values of the constant C, with which solutions of the differential equation (42) y = y(x,c,s) can be ex-

pressed in a ratio of sums of exponential functions. The image differential equation of (42) is constructed for that purpose
[22]:

., 2 5. . .
(029,)" = 5770 = ¥ = 32)(7 ~ y3), (44)
where y = y(z,¢,S); y(C,C,S) =s and z := e**; ¢ = e*. Then, the generalized differential operator [22,21] reads:
2y
Dy = De +1/32 V(= y1)(5 - y2)(s - y) - Ds. (45)

Let p; := D§7s; j=0,1,2,.... The sequence of Hankel matrixes [22] takes the following form:

Po P Pm-1
0! 1 (m-1)!
N by Pm
H, = 10 2! m! ;o m=1,2,3,... (46)
Pm-1 Pm Pom-z_
(m-1)! m! Tt (2m=2)

Symbolic computations help to prove that det H, = O wheny, =y, :=Y,; ¥, # ¥; and the following equality holds (Appendix
A):

302 = 29* (Vo — ¥3)- (47)
The differential equation (44) takes the following form when the equality (47) holds:
Vo —¥3)(20)" = (7 = 90"~ ¥) (48)
and its narrowed differential equation reads:
3(y,)" =220~ %)’V — ). (49)

Then, relationships in Egs. (43) and (49) yield:
2}’0 +y; = 3((»12+w2)
Y5 +2Yoy; = 3010, (50)
y3y; = 3Co.
Eq. (50) produces following relationships between y,, y; and w;, w>:

3wy — w1y 3w,m? — w3
Yo=w1; Y3= P ;0 €= 3 »

y07y3=%(w17w2); sfy3=%(2573w2+w1). (51)
Thus two narrowed KdV differential equations are produced:
3(%)° :2v2(y—wf)2< —3“”%) ij=1,2; i#], (52)
whose solutions could be expressed in a ratio of sums of exponential functions (what is the objective of the next section).
3.3. The solution of the narrowed differential equation

The generalized operator of differentiation of the narrowed differential equation of (48) reads:

S—Yo [/S—Ys3
D, = D; +— FD. 53
v c Yo—Y3 3)
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Then, the Hankel characteristic equation [22] takes the form:

S

bo b1 b2 D3
o 1 2 3
br By B3 P
det| T 2 3 @ -0
B by ba s (54)
IR T
1 p p> plYi=Y2=Y

302 —29%(Yo —y3) =0

and its roots are (Appendix B):

. ; . 1 S—V; )
=0; =p3 ===/ —-1). 55
P p2=ps 2C( Yo—JYs 59

It can be noted, that D;p; = p?; j=1,2,3 (Appendix C).
The linear algebraic system for the determination of y;; j = 1,2, 3 takes the following form when y, = y; =y, and Eq. (47)
holds true [22]:
My + My = Po
P21y + 13 = P (56)
P3ty +2p2jts = 5P>

and its solution reads:

v _ : _5S=Yo < S—)3 )
=Y =5— Y =2 Z 5 11). 57
K =Yo; Yoi M3 2 Yo—7s (37)
We will prove that expressions of y; j = 1,2,3 satisfy following equalities (Appendix D):
Dyt = pittys Dyly = pyfty + 33 Dypls = 3p, 5. (38)
Thus,
1 N N s
DI = P+ P+ iy (59)

the proof is given in (Appendix E). Then, according to Theorem 3, Corollary 1 and Eq. (59), the solution of the differential
equation (48) reads:

4(s — Yo) Vo — y3)2€ _
(VS=V35+ Vo —¥3)¢— (VE=¥5 — VYo —J/3)Z)2

the detailed derivation is given in (Appendix F). Finally, the structure of the solution of the narrowed differential equation
(49) reads:

5/(2;675) :y0+

(60)

4(s — yo) o — v3) exp (\/2v¥o = Va(x — ©))
(=9 + V3 =%) - (vs=% — o =35) exp (oo =6 - 0) )

It can be noted that Eq. (61) represents the general structure of the solution only. Concrete special solutions are enumerated
at the beginning of the next section when all possible combinations of signs of corresponding square roots are placed
accordingly.

yx:¢,5) = Yo +

(61)

3.4. Solutions of the KdV type ordinary differential equation and conditions of their existence

Relationships (51) yield special solutions y;, i,j = 1,2, i+ j, of the narrowed KdV Eq. (52) and (37):

w (x;c,s, (:t \;§“,v(s — ) \/m>> =Y,i(%;¢,5)

12 (e, — ) (5= 1) exP (3 /& =5 (x—C))

— o+ 53 Tj=1,2,1#]; (62)
((, /3 (wr— ;) £ 25—3wj+a),) + (1 /3(wr— ) F 25—3a)j+wr) exp (y\/a)r—_wj(x—c)))
this solution exists on the curve
3 =X s — 0)* (25 - 3w+ p); 1,j=1,2; T#]. (63)

And though it can be observed that the obtained solution (62) has the well-known form
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1/(cq sinhax + ¢, cosh ax)2 +C3,

the explicit expression of the curve (63) is a new and important finding describing the existence of solitary solutions in the
space of initial conditions and system parameters.

As mentioned in the Introduction, explicit expressions of analytic solutions of KdV equation can be found using different
methods and techniques based on the proposition that the structure of the solution takes certain form and then using sym-
bolic computations to identify the necessary values [32,8,4,18,25,5,15,31,38,35,30,37]. But we argue that conditions of the
existence of these special solutions in the space of the system’s parameters can not be derived using those methods.

Note that another differential equations of KdV type can be obtained using substitutions (35) and relationships (39) for
parameters ), @i, w, and ), @y, @,.

3.5. Several comments on special solutions of the KdV type ordinary differential equation

Special solutions of the KdV Eq. (62) exist and have sense not only when parameters y, w; and @, are complex numbers,
but when the parameter of the initial condition s is a complex number also. Thus, in general, solutions (Eq. 62) are complex
functions of the real variable x:

Yi = uk(X§ C,S) + iU[<(X; C75)§ (64)

where k = 1,2; i* = —1. Then Eq. (37) yields a system of KdV differential equations whose special solutions are functions
U, = Ug(x;¢,5) and v, = vk(x;c,s); k= 1,2. But a more deep analysis of solutions u, and vy is out of scope of interests in this
paper. In general, the independent variable x can be a complex variable then; complex variable functions theory methods
could be exploited for the analysis of special complex solutions.

In this paper we will introduce the limitation that 7, w;, w, and s are real numbers. It can be noted that functions y, in Eq.
(64) are complex functions even if the aforementioned limitation is in force; special solutions satisfy the following system of
KdV differential equations:

(uk);(/x = Vz((uk - wl)(uk - 0)2) - Z/ﬁ); (65)
(V) = V* Uk — (01 + @2)) Vi3
where k = 1,2 and functions uy, v satisfy initial conditions:
u(v;v,8) =s;  v(v;v,5) =0. (66)

Functions u, and vy are structural solutions of the system of differential equation (65). Therefore, their first derivatives must
fulfill the following equalities defined by Eq. (63):

du(v.9)|  _ - Ao r.s)
dx k dx

X=C

= by, (67)

X=C

where t, = a, + iby; k =1,2; a, and b, are real numbers computed from the equations of curves defined by Eq. (63).

4. Classical KdV solitary solutions and numerical experiments

Let us assume that w; = 0 and w, = Zs. Then, Eq. (62) yields:
4sexp (Pv/—w2(x —¢))
(1+exp (py/=(x — )))

But if w; = 0 the second root must be equal to w; = - (Eq. (4)); also y? = 3. Then,

Vi1 = f%-sechz (g (x — c)> = f% -sech’ <§ (z-r17— c)), (69)

Y11 (x:C,8) = 5 =s-sech’ (% w5 (x — c)). (68)

what is a solution of the KdV equation describing solitary waves observed by Rassel in 1834.

It is important to note, that solutions for other values on @w; and @, may not exist in the whole plane of parameters s and
t. We argue that these conditions of existence can not be determined using methods based on the principle when the struc-
ture of the solution is initially supposed and then symbolic computations are used for the determination of appropriate coef-
ficients. We have shortly discussed the limitations of these methods in the Introduction. We will now demonstrate that
solutions for the other set of parameters w; and w, are limited by their conditions of existence.

Let us select w; = 0.5, w, = 3 and y? = 3 for example. Conditions of existence of the solution y,; (Egs. (62) and (63)) are
shown in Figs. 1 and 2. Next, we integrate the differential equation w}, = 3(w — 0.5)(w — 3) using numerical time marching
techniques assuming different initial conditions s and t. At the same time we calculate numerical values of the solution in Eq.
(62) and compute cumulative errors between the numerical and analytical solutions (the detailed procedure for the calcu-
lation of errors is described in [23]). We limit the analysis to the real solutions only, so we visualize errors in the region
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Re(t,) ¥
il

Fig. 1. Conditions of existence of the solution y,; in the parameter plane of initial conditions; w; = 0.5, @, = 3; y? = 3 (real parts of t,; are represented as
solid lines).
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Fig. 2. Conditions of existence of the solution y,, in the parameter plane of initial conditions; w; = 0.5, w, = 3; > = 3 (imaginary parts of t; are
represented as dashed lines).

Fig. 3. The surface of errors computed as differences between 100 steps of the numerical solution of the differential equation @}, = 3(w — 0.5)(w — 3) and
the analytic solution y,; at w; = 0.5, w; = 3; y*> = 3 in the parameter plane of initial conditions; errors greater that 70 are truncated to 70 for clarity.

s = —0.75 only. The produced trench in the surface of cumulative errors (Fig. 3) accurately follows one of the branches of the
solution existence graph in Fig. 1.

5. Concluding remarks

The proposed algebraic operator method for the construction of solitary solutions has a number of important and advan-
tageous features:

(i) This method allows determining the existence of solitary solutions (a solitary solution does exist if the H-rank of the
solution to the image differential equation does exist).
(ii) This method does not require to guess (or to suppose) the structure of the solitary solution (the structure of the sol-
itary solution is generated automatically).
(iii) This method does generate not only the structure of the solitary solution. Explicit conditions of the existence of these
solutions in the subspace of systems parameters and initial conditions are also generated automatically.

We used the KdV equation as a typical differential equation for the demonstration of the functionality of the proposed
approach. It is true that the KdV equation is one of the most studied nonlinear differential equations. But such a choice helps
to reveal the power of the proposed method since it is possible to make straightforward comparisons with existing
techniques.
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We show that special solitary solutions of the KdV equation exist only on a line in the parameter plane of initial condi-
tions - if only that solution does not coincide with the solution expressible in the sech function. This is a new theoretical

result which may lead to important findings in a variety of practical applications where the generation or manipulation with
solitary waves could be considered.
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Appendix A

The notion
1 2
E — §§ (A1)

is introduced before computing the expression of det H4. Then, the generalized operator of differentiation defined in Eq. (45)
takes the form:

Dy =D, + V(S —y1)(s TJ/Z)(S—J@)D

. s (A2)
and coefficients py,p,,...,Ds read:
S — S — S —
p0:S§ p]:\/( yl)( 'Béyz)( y3)/ (AB)

Symbolic computations are exploited to determine coefficients py,p,,...,Ds; We omit expressions of higher coefficients
for the brevity. Unfortunately, it turns out that the expression of higher coefficients is lengthy and ordinary symbolic com-
putation systems can not derive the explicit expression of det H, when common personal computers are used. Thus, we form
a subsequence (p,,p,....,ps) and compute det H; instead, where

pL P B

~ 20 3

Hy= |2 B B (A.4)
b3 Pa Ps
3! 4! 5!

Now symbolic computations yield:
— — — 4
detfy = VEVIE V)GVl §ng () gyt (A5)

21604°¢9 s

where

27
As(y1,2.3, ) = T VT + Y2+ Y5 = V1Ya = V1¥s = Ya¥s = B);

1 1 1
As(y1,Y2: Y3 B) = g1 + 7 (6 =150y, +y3))yi + 4 (715}'5 + (87y3 — 66%)y, +9(8” +5) (/32 - §y3)>y1
+% (V2 +¥3+ F2) (5 + (58 = 16y3)y; + (B +y3) (v3 + 46%));

1 1 1
Ao(V1,Y2,Y3,B) = = gV +g V2 +ys = 48°)Y7 + g (87Y3 — 87,5 + 87y — 185%)yt
1

+g (3 — 87y3y; + (36y35° — 87y3 — 96%)y, — 86° — 9y + 3y,

—_

5“2+ 05— 126093 + (87V3 — 188%)33 + (3 — 992" — 85)y>—(§ +73) v (205 + 8F) ):

1 1
AY1Y2.Y3.8) =702 +y3)Y1 +7 (153 + (253 +65°)y2 +3(26” —53)y3)¥1

1

5
+ (—15y§+(3y3—6ﬁ2)y%+3(y§—2y3ﬂ2+3ﬂ4)y2+9(y3+/32)<ﬁ2—§y3>y3>y?

5 (V4 (687 +2575)y3 +3 (v — 2058+ 35%)y3+ (45" —31y352 + 2503) (B2 +y2)ya + (B +¥5)” (v +462)3 )01

+

A= =N

(V3 + (58> —16y3)ys + (V3 + %) (V3 +45)) (V2 + Y3 + B)YaYs;
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1 1
AoV1,Y2, 3. B) = 1 (2793 + 2793 — 58y2y3)1 — 16 (27v3 = 33y3y5 + 32y3 (86" — 11y3) + 27y3)y7

1
+ 76 (2792 +33y3ys + (24ys” - 275" — 105y3)y3+(245°y3 + 33y3 + 18y: %)y, + 27y5 = 27 yo)yt

3
(29y3 n (12132 - —yg)yé (12958 43392 1 95yt (B 1) (8 — 17y + 292))y1y¥

Oo\'—“

6(y2y3 V3 Y3+ B33

The necessary and sufficient conditions for det H; = 0 are equalities
AY1,Y2,93:B) = 0; k=0,1,2,3,4. (A6)
The equality
As(Y1,¥2,¥3,8) =0, (A7)
yields the following relationship:
B = Vi Y5+ Y5 = NYa = Y1¥s =Y. (A8)

Next, the equality (A.8) is incorporated into the expression of As(y,,¥,,¥s, B):

As (Y17J’2,}’37 {I/J’% +Y3+Y5 =YY —ViYs —Y2J’3> =0. (A9)

Elementary transformations in Eq. (A.9) yield necessary and sufficient conditions for Eq. (A.8) (8 # 0) to hold. These condi-
tions require that two of the three parameters y,,y,,y; must coincide, for example, y, =y, =y, and y, # y; (then

B =Y, —¥3)- Now, the expressions of y, and f can be introduced into A(y,,¥>,Ys,8); k =0,1,2. Elementary transforma-
tions help to prove that equalities in (A.6) hold true for all k.

Thus, det H; = 0 when y, =¥, :=¥,, (A.1) and the equality g = ,/J, =5 yield:
302 = 2% (Yo — ¥3)- (A.10)
Now, straightforward symbolic computations help to prove that det Hy = 0, but det H; # 0.

Appendix B

Coefficients of the equality (54) read:

Po=s;

1:5*)’0 [5=Ys .

¢ Yo—Y3
. 3 s5=Y ( sfy3( 3 2 ) 1 2 )
=5 —SYo+3¥3) —3Yo—3Y3+5);
P20,y Wyo-ys\ 270 73%) 7300730

PN =3 SiYO < Siy?)
=3
o —Ys) Yo—Ys3

=

1 3
(s=¥3) T5Yo=55+Ys *35>§

. 45 s-y,
65()’0—3’3)2

15 s—y, ( s—y3( 12( 1 2 ) ) 3, 16 8, 6 2)
== —<=|—3Yo—3Ys+S - —=Yo—F=YsS+ Y3t VoS + 57 |5
ba= “00—y? Wr-1\"5 3Y0—3)3 Yo —¥3) Yo~ 5 YsS TV tzo

S=Vs( 5,10 o o 8, 16 N (200 4 Y\ 2, 10,)
yo_y3 3y0 3}’0 3y3 3y3 y3 3 B.VO 3y0 3 )

) _ﬁ S—Yo s—ys( 30/ 16 , 8 7§ 3, 5 B 97 5. 32 ,
Ps = é y3) (w}’o*J’a 7 5Y3+J’3 15Y0 735 )7 5Y t 3J’05+5 Yo —Ys3) | + Y35 Y3

S8 2 15 s+ s?+ 3
78 ) =3V 7% 73’0
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Eq. (54) then reads:

1 yo,b(s—yo)4( " s—y3( ( ) 1 ) 1, (1 )2
—= == [ -2(pc+1 — c CYs +=5|+-52 + + pc
64 230y, _y,)° (pc+1)(Vo —¥3) Yooy +p — peys 25 Y p

+Yo (s (,bzéz +3pc +%) —2y5 — 5pcy, — 3ﬁ262y3>75(3p6y3 +3p%%y5 + 2y3) + 2y3(pE + 1)2) =0.

Eq. (54) is solved using symbolic computation techniques; three roots read:

D =0:Dy) = D 1 _y0+3y0 );?/;34-4}/3—4}/3\/;0?’;3—354-5 J/sn:y;3_l S—Ys -1
P1=U02=p3= 9 B = 53 “2c\Vy, -y ’
Yo +2¥o +2y3 — 2y3 s 03

Yo—V3 Yo—Y3

Appendix C

The equality Dyp1 = p? is trivial because p; = 0.
D2 =p3 = (1 /ysD yy33 — l) therefore:
S S—Yo [S—Yo ) < S—Ys 1 ( S—Ys ) S=Yo [S—Ys 1
Dyp, = | Dy + D v/ -1 . 1) +—=54/
vP2 ( ¢ Yo—V¥s J2¢\V¥yo—Vs S22 \Vyo—ys 2¢ VYo —=¥32\/ (Vo —¥3)(s—¥3)

1 5 - Yo s—y3> 1(;—y3 5=9; ) (1( ~% )) 2
——(2+ ~2 S ~2 +1) = “1)) =p2
4c? ( Yo—JYs3 Yo—Y3 42 \Yo — ¥3 Yo—Ys3 Yo—Ys3 P2

Appendix D

We will prove that Dy, = p1jty; Dyty = 2ty + s5 Dypls = 3P lts.
The first equality is trivial because Dyu; =0 and p; = 0.

Next, Dyu, = <Dé +% \/}%DS) (s=Yo) = 6 }’So yﬁs But
1 S—Y3 ) 5‘)’0( S—JYs ) S=Yo /S—Ys
+ —1)(s=yp) +—== 1) =——/—=
P2l + Uz = <y0 ~y, (s =Yo) 2% Yo — Vs z Yo— Vs
Finally,
S—Yo Y3 Yo /S—Ys3
Dyu; = | De + — ) = ( +l>
vhs ( ¢ Yo—JYs 2 Yo—Y3
_ 5*}’()( S—Y3 ) S=Yo [S—)V3 S—Y3 S—Yo
=" +1)+— +1+
2¢ \Vyo—ys 2¢2 \yo—ys\Vyo-s Yo—¥3)(s—¥3)
7S—Ay0( S—y3 ) (y S— 3’3 S—Y ):S_Ay"(;_h*]ﬁL S—Yo )
22 \VNyo—ys 262 \/ ~y 2¢2 \yo—Ys3 2(¥o —¥3)
_S—Yo ~2p+2Y3+25-2y3+5—Yo _ 3(5-Y)’
2¢2 2(¥o—¥3) 42y —y3)

But, on the other hand,

31 ~% )s—yo( [s=¥5 ) 3(s—yo)<ys—y3 ) 3(s = yo)?
37 -1 E +1) =22 2B )= 0
palts = ( Yo—Y3 2¢ Yo—Y3 4c? 0~ Y3 4C2(Yo — ¥3)

what concludes the proof.

Appendix E

Proof of the equality in (59).
po = s, therefore:

1 1., 1
7055 = Dy (b + 1) = 0+ pafp2 + g = 0+ (P2 + fi5 | ) P2 = 7;P1-
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Let the following equality hold true:

N J\a1 1.
51#2P’z+ﬂ3<]>p12] :ﬁPJ

Then,
1 1 AW
o+1)U s=ily (uzp’zﬂlg(l)p&‘) J+l<(ﬂ292+,“3)plz+:“2]p]2 P3+3ip2h  +is (- 1P 2p )
1 o o v y +1
= (D25 + (L3 4G = D)) = 2“+u3<] )% (,H),pm
what concludes the proof.
Appendix F
o &2 (z—-¢)
y(z7cvs): ]| Dg/s
j=0
—m(z_é)fycur(s—y)(l( S—Ys 1>>+ y°< s_y3+1>1<l< S =Y 1>>H
5 ° ©\2e \Vyo — s 2¢ \Vyo-vys 2¢\Vyo -5
1 s—Yo [ [S=V; (z-0)
=Yoo+ (S—Yo) = ( +1>
S—Y3 ~ 2C — 5—ys3 ) 2
1-4 (5% -1)e-9 Yoo¥s o T (1-% (i -1)e-0)
B (1-%(a-1e-0+e-0k(/i2+1))
=Yoo+ (S—Yo) 2
(5 -)e2)
Yo+ (5 —yo)— C+(z-0)4cyo —y3) _
(26¥o =¥5 — (VS=¥5— o —¥3)(z—0))
— o + 4(s — yo) (Yo — ¥3)zC
(V=95 + o —¥3)e — (V5= 5 — o —¥3)2)°
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