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Abstract. Fluid vibrations in axisymmetric geometry according to the
first harmonic in the circumferential direction are analyzed. This problem
has a practical application in the analysis of transverse vibrations of fluid
in an axisymmetric pipe. The numerical model is developed using finite-
element techniques in axisymmetric geometry. Irrotational motions of
ideal compressible fluid are analyzed. The finite-element model of the
system is based on the approximation of nodal displacements via the
shape functions. Thus the field of the amplitudes of the circumferential
variation of the volumetric strain is calculated, exploiting conjugate ap-
proximation techniques. Obtained volumetric strains are used for the nu-
merical construction of the interference pattern of the vibrating fluid. For
this purpose the Abel transform, which is usually exploited in axisymmet-
ric problems, is generalized for problems with circumferential variation of
displacements. The obtained interference patterns are used in hybrid
experimental–numerical procedures and help to interpret experimental
results. © 2007 Society of Photo-Optical Instrumentation Engineers.
�DOI: 10.1117/1.2745820�
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transform.
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1 Introduction

In engineering, the integral Abel transform is often used in
the analysis of spherically symmetric or axially symmetric
objects. The Abel transform is used in different optical
applications—from calculation of the radial mass distribu-
tion of galaxies1 to sizing of microscopic droplets in
emulsions.2 The Abel transform plays a primary role in
optical problems dealing with interpretation of fluid, gas, or
even two-phase flow in circular transparent and semitrans-
parent tubes.3,4 Numerical techniques for interpretation of
experimentally produced images involving Abel transforms
are studied in Ref. 5. The term “generalized Abel integral
transform” is used in Ref. 6, but there the authors consider
the inverse Abel transform, and they apply spectral expan-
sion using orthogonal functions and approximate numerical
coefficients of the expansion.

The subject of our paper is the formation of optical
fringes in a time-average hologram produced by vibrating
fluid in axisymmetric tube. Thus the term “generalized
Abel transform” is used here to highlight the fact that the
analyzed axially symmetric medium is not constant in time.
The Abel transform is generalized for measurement of dy-
namically varying processes. Such generalization is not
trivial and requires appropriate modifications in the model
of the optical system.

Development of hybrid numerical–experimental tech-
niques is an important method of analysis used for interpre-
tation and validation of experimental results,7,8 especially
when such experimental techniques as laser holography are
applied for investigation of high-frequency vibrations of a
fluid.9,10 If the fluid dynamics is investigated in a tube, the
problem becomes even more complicated, due to the com-
plex geometry of the system. The Abel transform11–13 must
be exploited for the reconstruction of interference fringes,
because the laser beam travels different distances through
the fluid at different positions of the laser rays penetrating
the surface of the tube. If the tube itself performs oscilla-
tions in the circumferential direction, the Abel transform
must be generalized, and that is the main object of this
paper.

Such problems of fluid dynamics in vibrating tubes are
found in many engineering applications.14–16 A typical ex-
ample from biomedical applications is a problem when an
ultrasonic probe is used to eliminate tissues, kidney stones,
and clots of blood and their derivatives in arteries.17 The
energy of the ultrasonic probe is transferred in the form of
high-frequency ultrasonic waves, which destroy certain tis-
sues by local cavitation. Such ultrasonic devices can be
exploited for destroying certain organic tissues for cancer
therapy, clearing blocked blood vessels, etc.

Cavitation in a liquid, generated by an ultrasonic energy
concentrator, produces microscopic steam bubbles. These
bubbles expand and explode; the explosion destroys certain0091-3286/2007/$25.00 © 2007 SPIE
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tissues.18 Usually longitudinal or tranverse waves are gen-
erated at the end of the ultrasonic probe. In order to expand
the area of effective treatment, an elastic steel wire wave-
guide can be attached to the tip of the probe �Fig. 1�. Ul-
trasonic vibrations are generated in the probe, and they are
mechanically amplified by an exponential ultrasonic-wave
concentrator and transferred to the elastic wire waveguide19

�Fig. 2�. Transverse standing waves in the waveguide pro-
duce cavitation at the antinodes of the wave when the wire
is inserted into the fluid. Each antinode area around the
waveguide can be used to destroy biological tissues. Unfor-
tunately, the large gas–blood ratio that is generated in cer-
tain regimes of operation and caused by cavitation �Fig. 3�
can impede the flow of oxygen-rich blood to vital organs
and cause clots to form in blood vessels.20

The higher is the volumetric strain, the more effective is
the treatment. But the volumetric strains must not exceed a
certain critical value where the cavitation reaches a danger-
ous level. That critical value of volumetric strain can be
calibrated and correlated with the number of interference
fringes produced in a laser hologram of the fluid during
laboratory experiments. Thus it is very important to per-
form accurate experimental investigations before such
treatment can be used in real applications.

The main goal of this paper is to show that interpretation
of measurement results on vibrating fluid in axisymmetric
geometry is neither trivial nor straightforward; misinterpre-
tation of experimental data can lead to serious conse-
quences in the context of the previously described ultra-
sonic probe treatment. The paper comprises several
successive sections. First, a numerical model for an ideal
compressible fluid without rotation is developed in axisym-
metric geometry. Then the relationship between the inten-
sity of a laser beam in the hologram plane and the volumet-
ric strain in a vibrating fluid is developed. After that, the
Abel transform is generalized in order to evaluate the effect
of oscillating volumetric strain in axisymmetric geometry.
Finally, results of numerical and experimental investiga-
tions are discussed, and conclusions are presented.

2 Model of the System
The numerical model of the fluid is developed on the basis
of the finite-element model described in Refs. 21 and 22.
First of all, the finite-element model for an ideal compress-
ible fluid without rotation is developed in axisymmetric ge-
ometry for the motion according to the first harmonic in the
circumferential direction. It is assumed that the angular fre-
quency of excitation coincides with the eigenfrequency of
the appropriate eigenmode, and thus the appropriate eigen-
problem is analyzed. It is assumed that

u�x,y,�� = ū�x,y� cos� ,

v�x,y,�� = v̄�x,y� cos� ,

w�x,y,�� = w̄�x,y� sin� , �1�

where x, y, and � are the radial, axial, and angular coordi-
nates of the cylindrical system of coordinates; u, v, and w
are the displacements in the corresponding directions of the
cylindrical system of coordinates; and an overbar indicates

Fig. 1 The main parts of an ultrasonic probe: 1, generator; 2, ultra-
sonic wave concentrator; 3, working element �elastic steel wire
waveguide�.

Fig. 2 Schematic diagram of the ultrasonic probe: 1, wave concen-
trator; 2, piezoelectric ceramics; 3, electrode; 4, ballast mass; 5,
electrode; 6, disk washer; 7, bolt; 8, connector; 9, working element.

Fig. 3 Cavitation clouds in water generated by the ultrasonic probe:
1, waveguide; 2, flexible tubing; 3, catheter mounted on the end of
the waveguide; 4, glass tube; 5, cavitation clouds.
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the amplitude of the first harmonic in the circumferential
direction �Fig. 4�.

The following finite element matrices are introduced:

�Nu

Nv

Nw
� = �N1 0 0 ¯

0 N1 0 ¯

0 0 N1 ¯

� ,

�Nux

Nvx

Nwx
� = �

�N1

�x
0 0 ¯

0
�N1

�x
0 ¯

0 0
�N1

�x
¯

� ,

�Nuy

Nvy

Nwy
� = �

�N1

�y
0 0 ¯

0
�N1

�y
0 ¯

0 0
�N1

�y
¯

� , �2�

where Ni are the shape functions of the analyzed finite el-
ement; Nu, Nv and Nw are row vectors; and indices x and y
denote appropriate partial derivatives.

The mass matrix of the fluid takes the following form:

M =� �Nc
T�Nc + Ns

T�Ns�x dx dy , �3�

where � is the density of the fluid, Nc and Ns are the ma-
trices of the shape functions, defined by the following rela-
tionship:

�
u�x,y,��
v�x,y,��
w�x,y,�� � = Nc�x,y�� cos� + Ns�x,y�� sin� , �4�

where � is the nodal displacement vector. Explicitly,

Nc = �Nu

Nv

0
�, Ns = � 0

0

Nw
� . �5�

The stiffness matrix of the fluid is

K =� �B̄c
T�c2B̄c + B̃s

T�B̃s + B̃c
T�B̃c�x dx dy , �6�

where c is the speed of sound in the fluid, and � is the
penalty parameter for the condition of irrotationality. The
matrix Bc relates the volumetric strain with the displace-
ments and is determined from

�u

�x
+

�v
�y

+
u

x
+

1

x

�w

��
= B̄c�x,y�� cos� . �7�

Explicitly,

B̄c = Nux + Nvy +
1

x
Nu +

1

x
Nw. �8�

The matrices B̃s and B̃c are used to characterize the rotation
and are defined from

�
�w

�y
−

1

x

�v
��

1

x

�u

��
−

�w

�x
−

w

x

�v
�x

−
�u

�y

� = B̃s�x,y�� sin� + B̃c�x,y�� cos� . �9�

Thus

Fig. 4 Schematic representation of the variation of the displace-
ments in the circumferential direction: �a� radial displacement, �b�
axial displacement, �c� angular displacement.
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B̃s = � Nwy +
1

x
Nv

−
1

x
Nu − Nwx −

1

x
Nw

0
�, B̃c = � 0

0

Nvx − Nuy
� . �10�

Now the eigenproblem for this model is solved and the
obtained eigenmodes are used for the construction of nu-
merically simulated interference patterns.

3 Holographic Interferometry of Fluids
Schematic diagrams of the analyzed vibrating pipe and op-
tical experimental setup are presented in Fig. 5 and Fig. 6.
The laser beam is split by a beamsplitter, forming the object
and reference beams. The object beam is collimated by a
spherical lens 1 and a parabolic mirror 1 before passing
through the investigated fluid in a vibrating pipe. Then the
diameter of the beam is reduced by the combination of the
parabolic mirror 2 and the spherical lens 2. They image the
investigated fluid onto the holographic film. The reference
beam passes through mirrors 2 and 3 and then is expanded
by a lens 3. It illuminates the holographic film interfering
with the object beam.

The phase of the light from the laser beam, � �x ,y , t�,
can be expressed as12,23

��x,y,t� =
2�

�
� �n0 − nflow�x,y,z,t�� dz , �11�

where x, y, z are the orthogonal Cartesian coordinates indi-
cated in Fig. 5, � is the wavelength of the laser beam, and
n0 and nflow�x ,y ,z , t� are the refractive indexes in the initial

and flow conditions, respectively. The refractive index is
expressed by the Gladstone-Dale relation11,12:

n�x,y,z,t� = 1 + �
��x,y,z,t�

�0
, �12�

where �0 is the density of the fluid �constant in equilib-
rium�, � is the constant of proportionality, ��x ,y ,z , t� is the
density of the fluid, and � /�0 is the specific refractivity, or
Gladstone-Dale constant.12 In our case it follows from Eq.
�12� that

n0 = 1 + � �13�

and

nflow�x,y,z,t� = 1 + �
�flow�x,y,z,t�

�0
. �14�

From the previous relationships and Eq. �11� it follows that

��x,y,t� = �0� dz − k� �flow�x,y,z,t� dz , �15�

where the constants �0 and k are expressed as

�0 =
2�

�
� , �16�

k =
2�

�

�

�0
. �17�

The deviation of the density of the fluid from its value in
equilibrium is denoted as

�̃�x,y,z,t� = �flow�x,y,z,t� − �0. �18�

It is assumed that this deviation is small. Thus

��̃�x,y,z,t�� � �0. �19�

Then the phase on the basis of Eqs. �15� and �18� can be
expressed as

��x,y,t� = �0�x,y� − k� �̃�x,y,z,t� dz , �20�

where

�0�x,y� = ��0 − k�0� � dz . �21�

When Eq. �19� is in force, the condition of continuity of
the fluid takes the form

��flow�x,y,z,t�
�t

= − �0
��v�x,y,z,t�

�t
, �22�

where �v�x ,y ,z , t� is the volumetric strain. Further, it is
assumed that the density and the displacements of the fluid
are harmonically varying in time. Thus the fields of the
density and the volumetric strain can be simplified to the
form

Fig. 5 Schematic diagram of the vibrating pipe.

Fig. 6 Schematic diagram of the optical setup.
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�flow�x,y,z,t� = �0 + �̃*�x,y,z� sin�t �23�

and

�v�x,y,z,t� = �̃v
*�x,y,z� sin�t , �24�

where the angular frequency � coincides with the eigenfre-
quency of oscillations of the appropriate eigenmode,
�̃*�x ,y ,z� is the eigenmode of the density variation, and
�̃v

*�x ,y ,z� is the eigenmode of volumetric strain. Equation
�22� together with Eqs. �23� and �24� yields

�̃*�x,y,z� = − �0�̃v
*�x,y,z� . �25�

Then the phase on the basis of Eq. �20� can be expressed as

��x,y,t� = �0�x,y� + k�0� �̃v
*�x,y,z� dz sin�t . �26�

Thus the intensity of the laser beam in the hologram plane
is a function of �̃v

*�x ,y ,z�. Now, the volumetric strains must
be determined from the field of displacements. That is be-
cause conventional finite-element techniques are based on
the approximation of nodal displacements, not strains.

4 Determination of the Volumetric Strains
The amplitudes of circumferential variation of nodal volu-
metric strains for the appropriate eigenmodes are deter-
mined using the procedure of conjugate approximation.24

The numerical model of the system is based on the approxi-
mation of nodal displacements via the shape functions.
First, the amplitudes of the circumferential variation of the
volumetric strains �v cos at the points of numerical integra-
tion of the finite element are calculated in the usual way:

�v cos = B̄c�x,y��0, �27�

where �0 is the vector of nodal displacements of the eigen-
mode. Then the field of the amplitudes of the circumferen-
tial variation of the volumetric strain is calculated using the
procedure of conjugate approximation, which produces the
following system of linear algebraic equations:

� � N̂TN̂ 2�x dx dy · 	v =� � N̂T�v cos 2�x dx dy , �28�

where �v is the vector of nodal values of �vcos �the eigen-
mode of the amplitudes of the circumferential variation of

the volumetric strains�, N̂= �N1 N2 ¯ � is the row of the
shape functions of the finite element. Now, the obtained
field of volumetric strain can be used in the numerical pro-
cedure for the construction of the interference pattern of
fringes.

5 Generalized Abel Transform
As mentioned previously, reconstruction of digital holo-
grams for objects characterized by axisymmetric geometry
requires incorporation of the Abel transform into the optical
relationships governing the formation of fringes. The pen-
etration of the laser beam into the liquid in our problem �in
the z-direction� is related to the radial coordinate r �Fig.
7�a��. The relationship between the variations dz and dr is

the subject of the classical Abel transform.3,9,11 The incor-
poration of the viewing direction is performed by assuming
that the pipe is turned by an angle 
 and thus the previously
used angular coordinate � is replaced by �+
, as is illus-
trated in detail in Fig. 7�b�. The dashed line in Fig. 7 rep-
resents the eigenmode of the volumetric strain;
�v cos�r� cos� stands for the first eigenmode of the volumet-
ric strain. If the angle 
 were equal to zero, the shape of the
first eigenmode would coincide with the one presented in
Fig. 4. When 
 is not equal to zero, the angles of intersec-
tion between the laser beam and the radius r �under the
assumption that the oscillations around the state of equilib-
rium are small� are denoted as �1 and �2. These angles can
be determined from the following relationship:

tan�� + 
� =
z

x
=

±�r2 − x2�1/2

x
. �29�

Now, the two solutions are denoted as

�� + 
�1 = tan−1 �r2 − x2�1/2

x
,

Fig. 7 Generalized Abel transform: �a� change of variables, �b�
variation of volumetric strain.
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�� + 
�2 = tan−1− �r2 − x2�1/2

x
. �30�

Then the generalized Abel transform for the analyzed prob-
lem of circumferential vibration takes the following form:

��x,y,
� = �
x



�v cos�r,y�	cos��� + 
�1 − 
� + cos���

+ 
�2 − 
�

r dr

�r2 − x2�1/2 . �31�

It can be noted that no interference fringes are formed at

=� /2, due to the oddness of the trigonometric functions:

��x,y,
�

2
� = �

x



�v cos�r,y��sintan−1�− �r2 − x2�1/2

x
��

+ sintan−1� �r2 − x2�1/2

x
��� r dr

�r2 − x2�1/2 = 0.

�32�

The fact that no interference fringes are observed when the
viewing direction is � /2 imposes definite requirements on
the experimental setup. Measurements in all viewing direc-
tions must be performed in order to determine the maxi-
mum fringe density. The symmetry of the problem reduces
the interval of possible viewing directions to 
� �0;��. In
practice a number of measurements must be performed at
incremental discrete values of 
. The smaller is the selected
step of 
, the better is the reconstruction of the fringe pat-
tern containing the largest number of fringes.

6 Numerical and Experimental Results
The problem with axisymmetric geometry in a rectangular
domain is now analyzed. The right boundary is rigid �cor-
responding to the wall of the tube�, and the displacements
normal to it are set equal to zero �marked as black lines in
Figs. 8 and 9�. The left boundary is the axis of symmetry,
and all the displacements on it are set to zero. Both left and
right images of the tube are shown in Figs. 8 and 9 for
clarity; the axis of symmetry is located at the center of
every drawing. Periodic boundary conditions on the upper
and lower surfaces are assumed: the displacements on those
surfaces for the same values of the radial coordinate are
assumed equal. Numerically simulated time-average inter-
ference patterns of fluid vibration for the viewing direction

=0 are presented in Figs. 8�a� and 9�a�. Clearly, the num-
ber of developed interference fringes depends from the
viewing direction �Figs. 8�b�, 9�b�, 8�c�, and 9�c��. When
the viewing direction is � /2, no interference fringes are
observed and the viewing area in the hologram is white.
Procedures for numerical construction of patterns of fringes
are discussed in detail in Ref. 25.

The number of fringes and their shapes carry important
information about the volumetric strain of the fluid. In gen-
eral, the larger is the number of fringes, the higher is the
volumetric strain. The properties of the analyzed system
depend on many parameters. It would be a rather complex
task to relate the number of experimentally produced
fringes to the numerical values of volumetric strain. Alter-

natively, patterns of fringes can be mimicked using compu-
tational tools �as is done in Figs. 8 and 9�. The distribution
and magnitude of the volumetric strain �calculated using
finite-element techniques� is one of the main parameters
affecting the number of fringes and their shape. Variation of
system’s parameters can help to correlate numerically mim-
icked and experimentally produced patterns of fringes; that
is a typical application of hybrid numerical-experimental
techniques.7,8 Then the field of volumetric strain in the ex-
perimentally analyzed system can be estimated from the
numerical model of the system.

Silver halide photomaterial PFG-01 �www.geola.lt� is
used for recording experimental holograms. The grain size
of the photomaterial is 40 nm; the resolution,
�3000 lines/mm; the spectral sensitivity range, 600 to
680 nm. The light source used is a He-Ne continuous laser
LG-38 with wavelength 0.63 �m; and power 50 mW. The
distance between the source and the object is 300 mm; the
distance between the object and the hologram plane is
100 mm; the exposure time is 10 s. The analyzed fluid is a
saline physiological solution. It is filled into a laboratory
glass tube of internal diameter 10 mm. A steel wire wave-
guide of diameter 0.5 mm is placed along the axis of the
tube �filled with the fluid�. One end of the waveguide is
fixed to the bottom of the tube, and the other end to the
previously described ultrasonic probe system. The fre-

Fig. 8 Numerically simulated pattern of fringes for the fluid in the
first circumferential vibration mode: �a� viewing direction 
=0; �b�
viewing direction 
=� /4; �c� viewing direction 
=7� /18.
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quency of excitation is 55 kHz. The experimentally pro-
duced laser holographic interferogram is presented in Fig.
10.

An important conclusion can be reached with regard to
the previously described ultrasonic probe system. Though
laser fluid holography is a powerful optical technique ide-
ally suited for experimental investigation of such systems,
one must have in mind that laser holograms must be con-
structed for different viewing directions. Otherwise the
number of developed fringes may not represent the maxi-
mum volumetric strains, which in its turn may have lethal
effects in treatment procedures.

7 Concluding Remarks
A numerical model for the calculation of fluid vibrations in
the circumferential direction in axisymmetric geometry has
been developed. The procedure for the calculation of nodal

values of the amplitudes of the circumferential variation of
the volumetric strain is presented. The obtained volumetric
strains are used for the numerical construction of the inter-
ference patterns, exploiting the generalized Abel transform.
The fact that the number of developed fringes in a fluid
vibrating in the circumferential direction depends on the
direction of observation imposes certain requirements on
the setup of the experimental analysis. A number of mea-
surements must be performed in different viewing direc-
tions before any conclusions can be reached about the volu-
metric strains in the analyzed fluid. That is important for
the biomedical application of ultrasonic probes described in
this paper.
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